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The turning point and acceleration expansion of the universe are investigated according
to the standard cosmological theory with a non-zero cosmological constant. Choosing
the Hubble constant H0, the radius of the present universe R0, and the density parameter
inmatterΩM,0 asthreeindependentparameters, wehaveanalyticallyexaminedtheother
properties of the universe such as the density parameter in dark energy, the cosmologi-
cal constant, the mass of the universe, the turning point redshift, the age of the present
universe, and the time-dependent radius, expansion rate, velocity, and acceleration pa-
rameter of the universe. It is shown that the turning point redshift is only dependent of
the density parameter in matter, not explicitly on the Hubble constant and the radius of
the present universe. The universe turned its expansion from past deceleration to recent
acceleration at the moment when its size was about 3/5 of the present size if the density
parameter in matter is about 0.3 (or the turning point redshift is 0.67). The expansion
rate is very large in the early period and decreases with time to approach the Hubble
constant at the present time. The expansion velocity exceeds the light speed in the early
period. It decreases to the minimum at the turning point and then increases with time.
The minimum and present expansion velocities are determined with the independent
parameters. The solution of time-dependent radius shows the universe expands all the
time. The universe with a larger present radius, smaller Hubble constant, and/or smaller
density parameter in matter is elder. The universe with smaller density parameter in
matter accelerates recently in a larger rate but less than unity.
1 Introduction
ThemeasurementsoftypeIasupernovaetoappearfainterand
thus further away than expected have indicated that the uni-
verse turned its expansion from past deceleration to recent ac-
celeration [1-4]. The dark energy, a hypothetical form of ne-
gative pressure, is generally suggested to be the cause for the
universe to accelerate recently. The Einsteinian cosmological
constant Λ, initially assumed for a static model of the uni-
verse, is the simplest candidate of the dark energy [5]. Quin-
tessence such as the scalar field from the scalar-tensor the-
ory or the five-dimensional Kaluza-Klein unification theory is
usually considered as another candidate of the dark energy [6-
9]. In the black hole universe model, proposed recently by the
author, the dark energy is nothing but the accretion of mass
in an increasing time rate from outside space, the mother uni-
verse [10-17]. In the black hole universe model, the cosmo-
logical constant can be represented as Λ = 3( ˙ M/M)2, where
M is the universe mass and ˙ M is the time rate of the universe
mass. However, when the universe turns or what the redshift
of the turning point for the universe to turn its expansion from
past deceleration to recent acceleration has not yet been con-
sistently and precisely determined.
The turning point redshift ZTP was determined to be   0.5
bycombiningtheredshiftandluminosityobservationsoftype
Ia supernovae with the standard model of cosmology [2, 4].
The universe was considered to be flat (i.e., k = 0 with k the
curvature of the universe) with a cold dark matter (CDM) and
a constant dark energy density (i.e., the cosmological cons-
tant). To explain the measurements of type Ia supernovae
with the flat universe model, the density parameters in matter
and dark energy (ΩM,0 and ΩΛ,0) at the present time (t0) were
chosen to be
ΩM,0 ≡
8πGρM(t0)
3H2
0
= 0.3, (1)
ΩΛ,0 ≡
Λ
3H2
0
= 0.7, (2)
whereG is the gravitational constant, ρM,0 is the mass density,
and H0   50 − 70 km/s/Mpc is the Hubble constant [18-21].
For a holographic dark energy, the turning point redshift de-
pends on a free parameter [22]. The turning point redshift is
ZTP   0.72 if the free parameter is chosen to be unity. For
the best fit to the type Ia supernova data, the free parameter
is around 0.2, which leads to a smaller turning point redshift,
ZTP   0.28.
To combine the measurements of type Ia supernovae with
the cosmological model, a redshift-luminosity distance rela-
tionisrequired. Theoftenusedrelationis, however, alinearly
approximate relation,
dL(Z)   c(1 + Z)
Z Z
0
du
H(u)
, (3)
6 Zhang T.X. The Turning Point for the Recent Acceleration of the Universe with a Cosmological ConstantApril, 2012 PROGRESS IN PHYSICS Volume 2
which is only good for nearby objects (see the detail of the
standard derivation given by [23]. Using this approximate
redshift-luminosity distance relation to study the expansion
of the universe constrained by the measurements of type Ia
supernovae with redshift greater than unity, one cannot accu-
rately determine the turning point redshift [24] (Zhang and
tan 2007). In Eq. (3), c is the light speed, Z is the redshift
of light from the object, and dL is the luminosity, which is
usually defined by
F =
L
4πd2
L
, (4)
where L is the luminosity of the object such as a supernova, F
is the apparent brightness of the object (i.e., the object emis-
sion flux measured at the Earth).
Inthisstudy, weanalyticallyderivetheturningpointredshift
only from the cosmological model without combining the
model with the type Ia supernova data of measurements and
thus without using the approximate redshift-luminosity dis-
tance relation. The simplest cosmological model that des-
cribes the recent acceleration of the universe is governed by
the Friedmann equation with a non-zero Einsteinian cosmo-
logical constant [1-2, 5]. The expansion characteristics of the
universe described by this constant ΛCDM model depend on
three independent parameters. There are many different ways
or combinations to choose the three independent parameters.
But no matter how to combine, the number of independent
parameters is always three. We have chosen the Hubble cons-
tant H0, the radius of the present universe R0, and the density
parameter in matter ΩM,0 as the three independent parame-
ters and have further derived the turning point redshift. The
derived turning point redshift is only dependent of the den-
sity parameter in matter ΩM,0, not dependent of the other two
independent parameters R0 and H0 if the universe is flat.
Exact solutions of the Friedmann equation [25-26] with
the cosmological constant were obtained by [27-28]. The
physical solutions, however, have not yet been analyzed with
the recent measurements of the universe, especially on the
turning point redshift.
The objective of this study is to quantitatively study the
turning point and expansion characteristics of the recent acce-
leration universe through analyzing and numerically solving
the Friedmann equation with a non-zero cosmological cons-
tant. First, for each set of H0, ΩM,0, and R0, we analytically
obtain the turning point redshift ZTP and other cosmological
parameters such as the density parameter in dark energy ΩΛ,0,
the cosmological constant Λ, and the mass of the universe M.
Then, we substitute the obtained M and Λ into the Friedmann
equation to numerically solve the time-dependent expansion
rate or Hubble parameter H(t), velocity v(t), radius R(t), and
acceleration parameter q(t) of the universe. Third, from the
solutions, we determine the age of the present universe. Fi-
nally, we discuss the significant results and summarize our
concluding remarks.
2 Turning Point and Expansion Characteristics of the
Universe
According to the standard cosmological theory, the expansion
oftheuniverseisgovernedbytheFriedmannequation[25-26,
29]
H2(t) ≡
˙ R2(t)
R2(t)
=
8πGρM(t)
3
−
kc2
R2(t)
+
Λ
3
, (5)
(Friedmann 1922, 1924; Carroll et al. 1992) where the dot
refers to the derivative with respect to time, G is the gravita-
tional constant, ρM(t) is the density of matter given by
ρM(t) =
3M
4πR3(t)
, (6)
and k is the curvature of the space given by -1, 0, 1 for the
universe to be open, flat, and closed, respectively. For the flat
universe (i.e., k = 0), Eq. (5) becomes
H2(t) ≡
˙ R2(t)
R2(t)
=
2GM
R3(t)
+
Λ
3
. (7)
The solution of Eq. (7) depends on three independent pa-
rameters: R0, M, and Λ. There are many different combinati-
ons that can be considered as the three independent parame-
ters such as (R0, H0, Λ), (R0, H0, ΩM,0), etc. In this study,
we have chosen R0, H0, and ΩM,0 as the three independent
parameters.
To describe the acceleration of the universe, we define the
acceleration parameter as
q(t) ≡
R(t)¨ R(t)
˙ R2(t)
= 1 +
˙ H(t)
H2(t)
. (8)
Traditionally, a negative sign is inserted in Eq. (8) for the
deceleration parameter.
A light that was emitted at time t is generally shifted
towards the red when it is observed at the present time t0 due
to the expansion of the universe. The redshift of the light is
given by
ZH =
R(t0)
R(t)
− 1. (9)
The recent acceleration universe turned its expansion
from past deceleration to recent acceleration at the moment
when the acceleration parameter is equal to zero, i.e.,
q(tTP) = 0, (10)
where tTP is defined as the turning point - the time when the
universe neither accelerates nor decelerates. It has been re-
cognized for years but not yet theoretically determined.
Differentiating Eq. (7) with respect to time to get ˙ H(t) and
using the turning point condition (10), we have the following
relation
Λ =
3GM
R3(tTP)
. (11)
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Then, using Eq. (9), we have
Λ =
3GM
R3(t0)
 
R3(t0)
R3(tTP)
!
=
3GM
R3
0
(ZTP + 1)3, (12)
where we have replaced R(t0) by R0 and denoted the redshift
of observed light that was emitted at the turning point by ZTP
- the turning point redshift. From Eq. (12), the turning point
redshift can be written as
ZTP =

    
ΛR3
0
3GM

    
1/3
− 1. (13)
At the present time t0, Eq. (7) can be written as
1 = ΩM,0 + ΩΛ,0, (14)
where the density parameters in matter and dark energy are
defined respectively by
ΩM,0 =
8πGρM(t0)
3H2
0
=
2GM
H2
0R3
0
, (15)
and
ΩΛ,0 =
Λ
3H2
0
. (16)
From Eqs. (15)-(16), we obtain
ΛR3
0
3GM
= 2
1 − ΩM,0
ΩM,0
. (17)
Then, Eq. (13) reduces
ZTP =
 
2
1 − ΩM,0
ΩM,0
!1/3
− 1. (18)
Eq. (18) is a new result and has not been obtained be-
fore by any one. It is seen from Eq. (18) that the turning
point redshift ZTP is only dependent of the density parame-
ter in matter ΩM, not explicitly on another two independent
parameter H0 and R0.
Figure 1 plots ZTP as a function of ΩM. The result indi-
cates that, for the universe to be recently turned (i.e., ZTP >
0), the density parameter in matter must be ΩM,0 < 2/3 (or
ΩΛ,0 > 1/3). For the universe to be turned at 1   ZTP   0.5,
the density parameter in matter must be 0.2   ΩM   0.4.
WhenΩM,0 = 1, wehaveZTP = −1, whichimpliesthattheflat
universe will never be accelerated if the cosmological cons-
tant is zero. This is consistent with the gravitational physics
because gravity always attracts.
Considering H0, R0, and ΩM,0 as three independent para-
meters in the flat universe model, we can determine ΩΛ, M,
Λ, and ZTP by Eqs. (14)-(16) and (18). Substituting the de-
termined M and Λ into Eq. (7), we can numerically solve
the expansion parameters of the recent acceleration universe
Fig. 1: Turning point redshift ZTP versus density parameter in matter
ΩM,0.
Fig. 2: Expansion characteristics of the universe when ΩM,0 = 0.3,
R0 = 15 billion light years, and H0 = 50,60,70 km/s/Mpc. (a)
Radius of the universe R(t), (b) expansion rate H(t), (c) expansion
velocity v(t), (d) acceleration parameter q(t).
including the radius R(t), expansion rate H(t), expansion ve-
locity v(t), and acceleration parameter q(t).
Figure 2 plots these expansion parameters – R(t), H(t),
v(t), and q(t) – as functions of time. We have chosen H0 =
50,60,70 km/s/Mpc, ΩM,0 = 0.3, and R0 = 15 billion light
years, which are displayed in Figure 2a. Three types of lines
(dotted-dashed, solid, and dashed) correspond to the results
with three different Hubble constants. With these three sets
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Fig. 3: Expansion characteristics of the universe when ΩM,0 =
0.2,0.3,0.4 and H0 = 60 km/s/Mpc with the same R0. (a) Radius
of the universe R(t), (b) expansion rate H(t), (c) expansion velocity
v(t), (d) acceleration parameter q(t).
of parameters, we have M = 1.7,2.4,3.3 × 1053 kg, Λ =
5.5,8.0,10.8 × 10−36 s−2, ΩΛ,0 = 0.7, and ZTP = 0.67.
Figure 2a shows that R(t) increases with time to appro-
ach R0 at the present time t0. In comparison with a linear
relation, the radius-time curves bend down at R   3R0/5 and
then slightly go up at R   3R0/5. The flat universe turned its
expansion from past deceleration to recent acceleration at the
time when the size of the universe was about three-fifth of the
present universe (i.e., at ZTP   2/3) due to the dark energy
or non-zero cosmological constant. Figure 2b indicates that
the expansion rate or Hubble parameter H(t) decreases with
time (or ˙ H(t) < 0) to approach the Hubble constant H0 at the
present time. The dotted line refers to H0 = 60 km/s/Mpc. Fi-
gure 2c shows that the expansion velocity decreases with time
to the minimum at the turning point and then increases with
time to approach v0 = H0R0, which exceeds the light speed in
thecaseof H0 = 70km/s/MpcandR0 = 15billionlightyears.
In the early period, the expansion velocity can be much grea-
ter than the light speed. The minimum expansion velocity is
determined by vmin = (2GM)1/3Λ1/6. From Figure 2d, that the
universe turned its expansion from past deceleration to recent
acceleration can be seen in more obviously. The dotted line
refers to q = 0. Each curve of q(t) intersects with the dotted
line at the turning point. For a different Hubble constant, the
turning point tTP is different. The acceleration parameter is
negative (i.e., deceleration) before the turning point and posi-
tive (i.e., acceleration) after the turning point. At the present
time, the acceleration parameter is slightly over 0.5.
Figure 3 also plots the four expansion parameters R(t),
H(t), v(t), and q(t) as functions of time. In this plot, we
have chosen a single H0 = 60 km/s/Mpc but three ΩM =
0.2,0.3,0.4 with the same R0. The three types of lines cor-
respond to the results with three different density parameters.
With these three sets of parameters, we have M = 2.4 × 1053
kg, Λ = 8.0 × 10−36 s−2, ΩΛ,0 = 0.8,0.7,0.6, and ZTP =
1,0.67,0.5. The results are basically similar to Figure 2. The
turning point redshift is single in the case of Figure 2 but mul-
tiple in the case of Figure 3. The radius-time curves (Figure
3a) also bend down relative to the linear relation in the past
and go up recently, which implies that the flat universe was
decelerated in the past and accelerated recently. The decre-
asing profiles of expansion rate H(t) with time only slightly
different among different density parameters (Figure 3b). The
expansion velocity reaches the minimum vmin at the turning
point and approaches v0 at t0 (Figure 3c). The acceleration
parameter at t0 is greater if the universe contains more dark
energy relative to matter (Figure 3d). For a different density
parameter, the turning point tTP is different. The acceleration
parameter is negative (i.e., deceleration) before the turning
point and positive (i.e., acceleration) after the turning point.
From Figures 2 and 3, we can find the present time or the
ageofthepresentuniversewithR0 = 15billionlightyear. For
a different H0 or ΩM,0, the age of the present universe should
bedifferent. Theageofthepresentuniversedeterminedbased
on Figures 2 and 3 is plotted as a function of H0 in Figure 4a
and as a function of ΩM,0 in Figure 4b. It is seen that the
age of the present universe decreases with H0 and ΩM,0 when
R0 is fixed. For R0 = 15 billion light year, H0 = 50 − 70
km/s/Mpc, and ΩM,0 = 0.3, the age of the universe is in the
range of   13 − 19 billion years, slightly less than H−1
0 . The
universe is elder if it turned earlier (i.e., smaller ΩM,0) or has
a smaller expansion rate.
3 Discussions and Conclusions
The open or closed universe can also be recently accelerated
by the dark energy. Since k is not zero, the density parameters
will be quite different in order for the universe to be turned
from deceleration to acceleration at a similar turning point.
The details on the turning point and expansion characteristics
of the open and closed universes will be studied in future.
Consequently, the turning point and accelerating expan-
sion of the flat universe has been investigated according to
the cosmological theory with a non-zero cosmological cons-
tant. Choosing six sets of H0, R0, and ΩM,0, we have quanti-
tatively determined ΩM,0, Λ, M, ZTP, t0, R(t), H(t), v(t), and
q(t). Analyzing these results, we can conclude the following
remarks.
To turn the expansion from deceleration to acceleration,
the flat universe must contain enough amount of dark energy
ΩΛ,0 > 1/3. The turning point redshift depends only on the
density parameter in matter ZTP = [2(1 − ΩM,0)/ΩM,0]1/3 − 1.
The flat universe will never be accelerated if the cosmologi-
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Fig. 4: Age of the universe as a function of H0 (a) and ΩM,0 (b).
cal constant is zero. For the flat universe to be turned from
deceleration to acceleration at 0.5   ZTP   1, the density pa-
rameter in matter must be 0.4   ΩM,0   0.2. The radius of the
universe generally increases with time. The expanding profi-
les are belong to the M1 type of exact solutions given by [27-
28]. Theexpansionrateoftheuniverserapidlydecreaseswith
timetoapproachtheHubbleconstant. Theexpansionvelocity
decreases with time to the minimum vmin = (2GM)1/3Λ1/6
at the turning point and then increases with time to appro-
ach v0 = H0R0. The acceleration parameter also increases
with time and changes from negative to positive at the turning
point. The acceleration of the present universe is larger if it
contains more dark energy. The age of the universe depends
on all of R0, H0, and ΩM,0. The flat universe with a fixed R0
should be elder for smaller H0 or ΩM,0 due to the expansion
velocity smaller.
Overall, this study has shown the constraints and charac-
teristics of the recent acceleration universe, which deepens
our understanding of the turning and accelerating of the uni-
verse from past deceleration to recent acceleration.
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